In this paper, the Lotka-Volterra 3-species mutualism models with diffusion and delay effects is investigated. A simple and easily verifiable condition is given to ensure the global asymptotic stability of the unique positive steady-state solution of the corresponding steady-state problem in a bounded domain with Neumann boundary condition. Our approach to the problem is based on inequality skill and the method of the upper and lower solutions for a more general reactiondiffusion system. Finally, some numerical simulations are given to illustrate our results.
Introduction
Modeling and analysis of the dynamics of biological populations by means of differential equations is one of the primary concerns in population growth problems. A well-known and extensively studied class of models in population dynamics is the Lotka-Volterra system which models the interaction among various species. In the earlier literature most of the discussions are devoted to coupled systems of two equations cf. 1-11 . In the recent years, attention has been given to reaction-diffusion systems with three population species, and the main concerns in these works are the prey-predator and competition models with or without time delays cf. 12-24 . The purpose of this paper is to investigate the asymptotic behavior of the time-dependent solution for a 3-species mutualism model, where the effect of diffusion and time delays is both taken into consideration by obtaining existence of positive solution for the corresponding inequalities. The system of equations under consideration is the LotkaVolterra 3-species mutualism model, where the population densities do not move across the Discrete Dynamics in Nature and Society boundary of a habitat, and time delays may appear in the opposing species; the densities of three populations u, v,and w are governed by the following coupled equations: 
1.2
Here Ω is a bounded domain in R n with boundary ∂Ω, ∂/∂n denotes the outward normal derivative on ∂Ω, and η i x, t is a smooth function. The above problem 1.1 -1.2 arises in a simple food chain describing three interacting species in a spatial habitat Ω. Throughout the paper we assumed that the function J i t is piecewise continuous in R ≡ 0, ∞ and possesses the property
1.6
The above property implies that for any constant function u i t, x ρ i , we have
The same is obviously true if J i * u i is given by 1.4 . It is also assumed that the domain Ω is smooth and the coefficients a strictly positive on Ω and in C 1 α Ω for some α ∈ 0, 1 . We allow L i 0 and without the corresponding boundary condition for some or all i. In particular, if L i u i ≡ 0 for all i then the equations in 1.1 -1.2 are reduced to the ordinary differential system with time delays
1.8 Problem 1.8 and various similar problems have been investigated by many investigators in the framework of ordinary differential systems cf. 25-28 and references therein . It is to be noted that if Δu i / 0 and α i β i 0 for every i then problem 1.1 is reduced to the following 3-species mutualism models without time delays:
Discrete Dynamics in Nature and Society where the domains Ω T and ∂Ω T are defined as, respectively, Ω × 0, T and ∂Ω × 0, T . Here Ω is a bounded domain in R N with smooth boundary ∂Ω. T is the maximal existence time of the solution. u i,0 is a smooth function satisfying the compatibility condition u i,0 x 0 for x ∈ ∂Ω. The meaning of the parameters of systems 1.9 is as same as those of 1.1 -1.2 . Kim and Lin 22 proved that global solutions of 1.9 exist if the intraspecific competitions are strong; whereas blow-up solutions exist under certain conditions of that the intraspecific competitions are weak, and 23 obtained the upper bound of blow-up rate for any N and the lower bound of blow-up rate for N 1. On the other hand, if e 2 β 2 0 then it reduces to the 2-species cooperating models, which have been extensively investigated in the current literature cf. 2, 10, 11 and references therein . Our conclusion about the global asymptotic stability of a positive steady-state solution to system 1.1 -1.2 is directly applicable to the above special cases see Corollary 3.2 .
This work is motivated from the following two-prey one-predator model:
and one-prey two-predator model
Discrete Dynamics in Nature and Society 5 as well as three-species food-chain model
1.12
Pao 29 obtained some simple and easily verifiable conditions for the existence and global asymptotic stability of a positive steady-steady solution for each of the above three-model problems. Based on the above results, we are mainly interested in studying the asymptotic behavior of the solution of 1.1 -1.2 . The corresponding steady-state problem is given by
1.13
It is clear that the above system has always the trivial solution 0, 0, 0 and various forms of constant semitrivial solutions, that is, constant nonnegative solutions with at least one component zero and one component positive. Our aim is to prove the existence and global asymptotic stability of a positive constant steady-state solution in the mutualism model with respect to nonnegative initial perturbations . This global asymptotic stability result implies that system 1.1 -1.2 is permanent, the trivial and all forms of semitrivial solutions are unstable, and the nonuniform steady-state solution does not exist. This paper is arranged as follows. In Section 2, we give some preliminary results for a more general time-delayed reaction-diffusion system. The main results and their proofs are given in Section 3. Some numerical simulations are shown in Section 4 to illustrate our theoretical analysis. 
Some Preliminary Results
To prove the main results in this paper we first give some preliminary results for a more general time-delayed parabolic system in the form
where 
Definition 2.1. We say that the vector function 
2.5
Notice that the boundary inequalities in 2.4 are trivially satisfied. For a given pair of constant vectors M, δ satisfying 2.5 we set
where C Ω denotes the set of continuous functions on Ω. In the following we give our basic hypotheses on F ·, U, V with V ≡ J * U.
H The function F ·, U, V is quasimonotone nondecreasing for U, V ∈ S, and for each i,f i ·, U, V satisfies the Lipschitz condition
where K i is a positive constant, and w then the pairs U M, U o satisfy 2.8 whenever
Moreover, by the positivity lemma for the linear scalar parabolic problem To investigate the asymptotic behavior of the solution of 2.1 , we consider the special case
where g i U, V is not explicitly dependent on x. The corresponding steady-state problem of 2.1 is given by 
2.15
It is easy to show from the quasimonotone nondecreasing property of G U, V that the sequences u 
2.18
It is easy to verify that the limits ρ and ρ are maximal and minimal solutions of systems 2.13 in S, respectively, furthermore, if ρ ρ ≡ ρ * then ρ * is the unique solution in S cf. 
2.19
Then U x, t converges to ρ * as t → ∞.
To prove the existence and uniqueness of constant positive solution of the steady-state problem 1.13 we also need the following result. 
2.22
Let 
The Main Theorems and Proof
To prove the main results in this paper, we apply Lemmas 2.3-2.7 for the models in 1.1 -1.2 with U u, v, w by constructing a suitable pair of constant upper and lower solutions U M and U δ. This is equivalent to show that M and δ satisfy condition 2.5 for the reaction functions f i x, U, V . iii The positive constant solution ρ * of the steady-state problem 1.9 is globally asymptotic stable. Proof. i Since the boundary conditions are Neumann type, we seek a pair of positive constant It is clear that the boundary conditions are satisfied, and from the positive property of M i and δ i that condition 3.1 is satisfied if
3.2
We construct the following inequalities: 3 , where P and γ are a sufficiently large and small positive constant, respectively, we see that all the inequalities in 3.2 are satisfied. That is, M and δ is a pair of positive constant upper-lower solution of 1.1 -1.2 . By Lemma 2.5 the sequences governed by 2.14 with the reaction function f 1 , f 2 , f 3 given by 1.1 converge monotonically, respectively, to some constant limits ρ 3 , where P and γare a sufficiently large and small positiveconstants, respectively, the corresponding solution U x, t ≡ u x, t , v x, t , w x, t of 1.1 -1.2 converges to ρ * as t → ∞. To show this convergence property for an arbitrary nontrivial nonnegative η x, t , we observe from Lemma 2.4, the arbitrary smallness of γ and the arbitrary largeness of P that there exists t 0 > 0 such that δ ≤ U x, t ≤ M on t 0 , ∞ × Ω. The upper and lower bounds of U x, t show that there exists t * > 0 such that condition 2.19 is satisfied for U ≡ u 1 , u 2 , u 3 u, v, w . The conclusion of U x, t → ρ * as t → ∞ follows from Lemma 2.6. We next consider the stability of U x, t . We observe from Lemma 2.5 that for any U ρ
This completes the proof. 
Numerical Simulations
In this section, we give numerical simulations supporting our theoretical analysis. As an example, we consider system 1.1 with different diffusion rates d i , birth rate a i , and time delays τ i , that is, the following systems: Figures 1, 2, 3 , and 4.
Conclusions
It is well known that the analysis of stability for a system of delay reaction-diffusion multispecies model is quite difficult since the reaction among multispecies is more complex. Therefore, the works on this subject are very rare. A detailed analysis on the stability for a two-prey one-predator model, one-prey two-predator model, and three-species food-chain model with delay and diffusion was given by Pao 29 , and he obtained some simple and easily verifiable conditions for the existence and global asymptotic stability of a positive steady-state solution for each of the three model problems. In this paper, based on the ideas of Pao 12 , we have considered a delay cooperative three-species system with Neumann boundary condition. It is shown that the system has a positive equilibrium under some certain conditions. We have obtained the similar conclusions to those of Pao 2 c 3 > 0 involves only the reaction rate constants, which shows that the diffusion rates d i , the birth rate a i , and time delays τ i do not bring effect on permanence of one species as well as contribution to its extinction. The result of global asymptotic stability implies that the three-species model system coexists, is permanent, and the trivial and all semitrivial solutions are unstable.
